For certain classes of space(time)s embeddable in a higher dimensional flat space(time), it appears possible to compute the minimally coupled massless scalar Green's function in the former by convolving its cousin in the latter with an appropriate scalar charge density. The physical interpretation is that beings residing in the higher dimensional flat space(time) may set up sources to fool the observer confined on the lower dimensional curved submanifold that she is detecting the field generated by a space(time) point source in her own world. In this paper we extend the general formula to include a non-zero mass. We then employ it to derive the Green's function of the massive wave operator in (d ≥ 2)-dimensional de Sitter spacetime and that of the Helmholtz differential operator -the Laplacian plus a "mass term" -on the (d ≥ 2)-sphere. For both cases, the trajectories of the scalar sources are the same as that of the massless case, while the required scalar charge densities are determined by solving an eigenvalue equation. To source these massive Green's functions, we show that the (d + 1)-dimensional Minkowski/Euclidean experimentalists may choose to use either massive or massless scalar line charges. In de Sitter spacetime, the embedding method employed here leads directly to a manifest separation between the null cone versus tail terms of the Green's functions.
I. INTRODUCTION
In space(time)s enjoying a high degree of symmetry, the Green's function G[x, x ] of its associated wave operator W for a given field theory can oftentimes be solved by the separation-of-variables technique. The solution obtained in this manner is usually an infinite sum (and/or integral(s)) involving the orthonormal mode functions { x|λ } obeying the eigenvector equation 1 W x x|λ = λ x|λ .
(
The mode decomposition reads
Such an expansion may not be the most useful, unfortunately, if one is seeking to understand the full causal structure of signals produced by physical sources moving about in the curved spacetime of interest. In generic curved spacetimes, unlike in 4D Minkowski spacetime, even massless fields do not propagate strictly on the null cone. (The portion of the field propagating inside the light cone of its source is known in the literature as the "tail".) When the observer at x can be linked to the source at x via a unique geodesic, for instance, the 4D Green's function G[x, x ] ought to be expressible as the sum of a term describing scalar waves propagating on the null cone of x and a separate term describing tail propagation -see, for e.g., eq. (14.4) of [1] . However, this property is not reflected very well by the expansion in eq. (2) . Furthermore, already in the weak field limit of Schwarzschild/Kerr spacetime, the behavior of tails changes abruptly, going from the region t − t < r + r to the region t − t > r + r [5] [6] [7] . (Here, t − t is the elapsed time between observation and emission; and r and r are, respectively, the radial coordinates of the observer and source.) This means the tail effect most likely cannot be captured comprehensively by merely pushing to very higher orders in perturbation theory methods that can be utilized to compute the tail part of the Green's functions when x and x are close to one another. 2 It is for these reasons that one may be motivated to search for alternate means to calculate
Green's functions in curved space(time)s.
Understanding the tail effect in black hole spacetimes, in particular, is important for the radiation reaction aspect of modeling the gravitational waves generated by compact bodies orbiting super-massive 1 We will employ Dirac's bra-ket notation throughout this paper. 2 To be sure, the existence of the sharp boundary at t − t = r + r in [5] [6] [7] is because the central source is a point mass.
Any realistic finite size material body would likely yield a smeared boundary centered at t − t = r + r , but the behavior of the tail effect on either side would still be quite different.
black holes. The tail portion of the gravitational field generated by a compact body at some spacetime point in the past necessarily has a non-zero impact on its motion in the future -see Fig. (2) of [1] for a visual illustration of this "self-force". 3 The tail effect also imparts a signature on the gravitational wave signal produced by in-spiraling comparable mass compact neutron star/black hole binaries, a major class of sources for detectors like advanced LIGO; for, the gravitational radiation they produce can backscatter off the spacetime curvature of the binary system itself, and lead to a modulation in the frequency spectrum of the waveforms [8, 9] . Moreover, if gravitational and electromagnetic waves traveled over cosmological distances before reaching Earth, they would also develop tails due to their interaction with the curved spacetime of the expanding universe at large. (Due to the conformal invariance of the Maxwell action, photons develop a tail iff the universe is not perfectly isotropic and homogeneous [7] .) For these physical reasons, the search for different ways to calculate curved spacetime
Green's functions is not merely an academic exercise in mathematical physics.
Recently, in [10] , we have wondered whether Green's functions in cosmological and black hole spacetimes can be solved by exploiting the known perspective [11] [12] [13] that the general Friedmann-Lemaître-Robertson-Walker universe and Schwarzschild black hole can be described as curved surfaces embedded in, respectively, 5 and 6 dimensional Minkowski spacetime. In physical terms, we also asked, for a given curved spacetime embedded in some higher dimensional Minkowski, if it were always possible for a family of beings living in the latter to arrange appropriate source(s) so that the observer confined on the curved sub-surface would interpret the resulting field as due to that of a spacetime point source in her own world. The answer turns out to be in the affirmative for (d ≥ 2)-dimensional de Sitter spacetime, which can be viewed as a hyperboloid in (d + 1)-dimensional Minkowski. Using the massless scalar Green's function in Minkowski, we computed its counterpart in de Sitter by first identifying the source to be a straight line emanating from the Minkowski origin, piercing the de Sitter hyperboloid orthogonally at x , and extending to infinity. Following that, we solved for the appropriate scalar charge density, which is related to the null vectors of the "wave operator" perpendicular to the de Sitter hyperboloid. This embedding method lead directly to an explicit separation between the null cone versus tail pieces of the de Sitter Green's function in arbitrary dimensions. Furthermore, the intermediate steps revealed that the source of the light cone part of the scalar signal -as seen by the de Sitter observer at
x -can be identified by the higher dimensional Minkowski experimentalist to be the point x where the line intersects the de Sitter hyperboloid; while the de Sitter tail portion of the scalar signal is sourced 3 A sample of recent work on the scalar Green's function in Schwarzschild spacetime can be found in [2] [3] [4] by the rest of the infinite line lying within the Minkowski null cone of x. This insight is very similar in spirit to the embedding explanation of the massless tail effect in odd dimensional Minkowski spacetime [14] , by viewing it as a surface embedded in one higher (and hence even) dimensional Minkowski, where there are no tails.
In this paper, we shall extend the results of [10] to include a non-zero mass m: we will solve the Green's function of the massive scalar wave operator +m 2 in de Sitter and on the d-sphere. In section (II) we lay down the general formulas that would allow us to calculate the massive Green's function in certain classes of curved space(time)s using its counterpart in the ambient higher dimensional flat space(time)s. In section (III) we discuss the massive Green's functions in flat Minkowski and Euclidean space(time)s for all relevant dimensions. In section (IV) we apply the general formulas to work out explicit expressions for the retarded and advanced massive Green's functions in (d ≥ 2)-dimensional de Sitter spacetime. In section (V) we solve the Green's function of the Helmholtz operator on the (d ≥ 2)-sphere. This is a follow-up of the calculation in [10] , where we studied how our general formulas broke down due to topology; here, there is no topological obstruction to the solution of a massive field sourced by a single point charge on the d-sphere. Finally, in section (VI), we summarize our findings.
II. GENERALITIES
We will suppose that the d dimensional curved spacetime g µν [x] of interest is embeddable in some
with Cartesian coordinates {X A |A = 0, 1, 2, . . . , d + n − 1}. By this we mean it is possible to perform a coordinate transformation
using the coordinates {x µ , y A |µ = 0, 1, 2, . . . , d − 1; A = 1, 2, 3, . . . , n}, so that the flat metric in (3) now becomes
such that g µν [x] is realized on some surface y = y 0 , i.e.
Here,ḡ µν is independent of y while P and g ⊥ AB are independent of x. The massive wave operator +m 2 (of g µν [x]) acting on a scalar ψ reads + m 2 ψ = 1
with |ḡ| denoting the square root of the absolute value of the determinant ofḡ µν ; andḡ µν is its inverse.
The central assertion in this paper is that the Green's function
can be gotten from its
The y |P 2 0 m 2 is any one of the eigenvector(s) of D + P 2 m 2 with eigenvalue P 2 0 m 2 ,
The |g ⊥ [y ]| in eq. (11) is the absolute value of the determinant of the metric g ⊥ AB [y ] . The G d+n [X −X ] themselves, which can be found in equations (19) through (21) below, obey the equations
with the unprimed indices denoting derivatives with respect to X and the primed indices derivatives with respect to X . Note that, in terms of the coordinates x and y, the massive flat spacetime wave operator becomes
Therefore, multiplying both sides of the flat spacetime Green's function equation (13) by P 2 and translating it into x and y coordinates hands us
Justification of eq. (11) Following arguments in [10] , we consider applying x + P 2 0 m 2 on both sides of the general formula in eq. (11) . After inter-changing the order of integration and differentiation, re-writing
and exploiting the wave equation of (13), we may deduce that
In eq. For the de Sitter and d-sphere calculations below, it will be useful to recognize that the y 0 |P 2 0 m 2 in the denominator of the general formula in eq. (11) will cancel out in the final answer, upon the evaluation of the d n y integral(s). We give a brief (heuristic) argument here, by assuming that the Green's function admits a mode sum expansion and that a separation-of-variables ansatz holds for the mode functions, namely
where x|λ is the orthonormal eigenvector of x with eigenvalue λ, and y|λ ⊥ is the orthonormal as a projection of G d+n along the orthonormal eigenvector y |λ ⊥ = P 2 0 m 2 . This collapses the λ ⊥ -sum in eq. (18), leaving y 0 |λ ⊥ = P 2 0 m 2 · x|λ λ|x in the numerator; the presence of y 0 |λ ⊥ = P 2 0 m 2 then confirms our assertion.
We further observe that any one of the eigenvectors of D + (P · m) 2 with eigenvalue P 2 0 m 2 ought to lead to the same result in eq. (11), indicating there is more than one scalar charge density in the ambient Minkowski that can mimic the same point charge in the curved world of the observer.
(For example, in curved spacetimes embeddable in Minkowski of one higher dimension, the eigenvector equation (12) reduces to a second order ordinary differential equation, and therefore admits two distinct scalar charge densities.) Notice, furthermore, that the trajectory of the scalar source that the higher dimensional experimentalist has set up in the general formula of eq. (11) is the same as the massless case. What appears to be different is the use of the massive flat spacetime Green's function, and the scalar charge density described by the eigenvector y |P 2 0 m 2 . As we shall witness in the de Sitter and d-sphere computations below, however, the analog of eq. (11) will reduce to one involving the massless Green's function in flat space(time).
In this section, analogous statements hold true if we replaced all instances of "Minkowski" and "flat spacetime" with "Euclidean space," and η AB with δ AB (the Kronecker delta). The corresponding massive Euclidean Green's function can be found in equations (25) and (26). The primary physical difference between the Euclidean versus Lorentzian setups is that there is no issue of causal influence in the former but for the latter, one may ask, if cause precedes effect in the ambient Minkowski, does that necessarily imply that cause precedes effect on the curved sub-manifold? (The answer is, yes, for the closed slicing representation of de Sitter spacetime.)
III. FLAT SPACE(TIME)S
In this section we record the massive Green's functions in flat space(time).
Minkowski Spacetime
For d dimensional Minkowski spacetime and for real m, the retarded
Green's functions, obeying eq. (13) are given by
For even d ≥ 2, the symmetric Green's function G d is
(the J 0 is the Bessel function of the first kind) while for odd d ≥ 3, it becomes instead
We have written these results in terms of Synge's world functionσ, which is half the square of the geodesic distance between the observer at X and the emitter at X . It is
The retarded or advanced conditions are encoded using the step function
Euclidean Space
In Euclidean space the Green's function of the massive Laplace operator
If m is real, this equation is the static limit of the massive wave equation:
If m is purely imaginary, this equation can be viewed as the massless wave operator written in frequency space, namely
with m ≡ iω and ω ∈ R. Denote the Euclidean distance between observer and source bȳ
For even d ≥ 2, the massive Euclidean Green's function reads
4 It is for this reason that we have chosen to put a negative sign in front of the Laplacian. The m → 0 limit of the results in this paper, for example equations (25) and (26), are therefore negative of the corresponding results in [10] . 5 The d = 1 massive Euclidean Green's function is, up to an additive constant:
. We have relegated it to a footnote because it will not needed for the rest of the paper.
Recursion Relations
As discussed in [10, 14] , we may view d-dimensional space(time) as being a surface embedded in (d + 1) dimensional space(time). For Minkowski spacetime, we may identify
so that the eigenvector equation (12) is
The two independent solutions are a constant and X d .
If we choose X d |m 2 = constant as the charge density, [10] has already proven that the Minkowski Green's functions obey a recursion relation
if we agree not to differentiate the Θ[±(X 0 − X 0 )]. After carrying out the same line of reasoning for the Euclidean space counterparts, we will find that they obey
(The validity of these recursion relations do not depend on the value of m.) On a practical level, to work out the d dimensional Minkowski and Euclidean Green's functions, it suffices to evaluate the integrals
for d = 2, 3 (the ± represent the retarded and advanced contour prescriptions for the k 0 integral), and
for d = 1, 2, followed by applying the recursion relations to obtain the results for higher dimensions.
Let us now choose X d |m 2 = X d and see that inserting it into the general formula eq. (11) allows us to obtain G d from G d+1 . This example illustrates that regularity of the charge density y |P 2 0 m 2 is not a necessary criteria in the general formula eq. (11) . (We will check our assertion here for the Minkowski Green's functions; the Euclidean case follows the same steps.) Using the Fourier representation of the Green's function and denoting
By performing the X d -integral first, one would obtain a 2πiδ
whose right hand side is the Fourier representation of
The hyperboloid lying outside the light cone of the origin 0 A in (d + 1) dimensional Minkowski spacetime, described by the relation 
The Minkowski geometry, for −X 2 > 0, is now
where dΩ 2 d−1 is the (d − 1)D sphere metric, such that the induced geometry on the ρ = 1/H surface is de Sitter spacetime:
These are known as the closed slicing coordinates, because constant time surfaces describe a closed sphere, and they cover the whole of de Sitter spacetime.
The de Sitter Green's functions will be expressed in terms of the
With the closed slicing coordinates of eq. (36) we have
We recall that half the square of the geodesic distance between x and x (Synge's world function) in de
Sitter is
As a consequence, the observer at x and source at x lie precisely on or within each other's null cones,
x ] ≥ 0, and are thus causally connected, when and only when
Integral representation With the identification
we may now invoke the general formula (11) for the de Sitter embedding in eq. (37). The eigenvector equation (12) we need to solve is
and the two independent solutions are
where I ν ± is the modified Bessel function. The integral representation of the massive scalar Green's function in de Sitter spacetime is therefore
with the parametrization in eq. (36), and the massive Green's functions G d+1 from equations (19) through (21). Just as was for the massless case, to emulate the scalar field of a spacetime point source in the observer's de Sitter world, the higher dimensional experimentalists have laid down a line source which begins from one end very close to the Minkowski origin 0 A , penetrating the de Sitter hyperboloid perpendicularly at x , and extending to spatial infinity.
Causal structure for closed slicing
We have shown in [10] , with the closed slicing coordinates of eq. (36), that the retarded (advanced) Green's function in de Sitter Green's function can be obtained by utilizing the corresponding the retarded (advanced) Minkowski Green's function in eq. (46):
whereḠ d+1 and G d are both symmetric (i.e., un-ordered in time); the former can be found in equations (20) and (21), and the latter is: In what follows, we will focus on computing the symmetric Green's function in eq. (49); the retarded (or advanced) Green's function written in any coordinate system can then be obtained by multiplying
, where t and t are the relevant time coordinates. 
If we further perform a change-of-variables from differentiating with respect toσ, to that with respect to Z, then we shall find that
To evaluate these integrals, we remember the expectation that I ν ± [m] needs to cancel out of the final answer. One may verify this by first noting that the modified Bessel function obeys the ordinary differential equation
If we replace ν ± → ν and view ν, for the moment, as independent of d and m, and if we take into account eq. (53) obeyed by I ν , then one may deduce via a direct calculation that
and
Because the limits of integration are precisely the zeros ofσ, the integrals on the right hand sides of equations (54) and (55) are zero -observe that the lower limit of the ρ integral is never zero, for Z ≤ −1, unless Z = −∞. We therefore do not need to worry about evaluating I ν [0], which may otherwise be singular for ν ≤ 0. This immediately implies the integrals in equations (51) and (52) (This argument breaks down for discrete values of ν, but can be saved by assuming continuity in the parameter ν.)
To sum, we have managed to argue that the integrals in equations (51) and (52) multiplied by a m-independent coefficient. Since the coefficient does not depend on m, we may now evaluate it by setting m = 0 while holding ν fixed in equations (54) and (55), namely
Taking these limits requires knowing that J 0 [0] = 1 and, for |z| 1,
(Γ is the Gamma function.) Putting back the ν ± , we surmise at this point, that
The integral in eq. Comparing equations (59) and (60) with equations (76) and (77) of [10] tells us that the only difference between the two pairs of equations is the exponent of ρ within the integrands. In particular, this means we could have arrived at equations (59) and (60) using the massless Minkowski Green's function in equations (37)- (39) of [10] , but replacing (Hρ ) d−2 in its eq. (61) with (Hρ )
2 . Physically, this means the higher dimensional Minkowski beings may set up appropriate charge densities that produce massless scalar waves to deceive the de Sitter observer she is detecting massive scalar waves due to a spacetime point charge in her own world.
Results
We have arrived at the following results for the retarded G 
With Z[x, x ] defined in eq. (39), and restoring H, the symmetric Green's functions
(P ν−1/2 is the Legendre function) and
The tail portion of these Green's functions can be read off directly:
Notice the results in equations (62) and (63) give the same final result for the Green's function.
Moreover, this also informs us that, even when ν becomes purely imaginary -when the mass becomes large enough such that (m/H) 2 > (d − 1) 2 /4 -the Green's function is still a purely real object. 7
Conformal Flatness
For arbitrary d ≥ 2, de Sitter spacetime is conformally flat, while the scalar action
is invariant (up to a surface term) if we simultaneously replace
In de Sitter spacetime the Ricci scalar is
7 A check of our results here is to ensure that the massive wave operator in de Sitter spacetime annihilates the tail part of the Green's functions, the expressions multiplying Θ[−Z − 1] in equations (65) and (66). We have done so for d = 2, 3, . . . , 13 on the computer [18] . The explicit expression for + m 2 , when acting on a bi-scalar that depends on the spacetime coordinates x and x solely through the object Z[x, x ], can be found, for e.g., in eq. (37) of [16] ; the P there is our −Z here, and they are using the 'mostly plus' convention for η AB .
so that the "mass term" becomes d−2
This means if we choose (mass) 2 to be exactly
thereby setting ν = 1/2 in equations (62) conformal factor Ω can, in turn, be worked out using the embedding defined by:
The de Sitter geometry now takes the expression
Let us abuse notation somewhat and definē
in terms of which 
Comparing equations (73) and (74) with equations (38) and (39) of [10] indicates we have indeed verified that
where the G d on the right hand side is the m = 0 limit of equations (19) through (21), with X − X replaced with (η − η , x − x ). That we were able to recover the conformal limit is a check on our Green's function results in equations (62) and (63).
In [10] we used the analog of the general formula in eq. (11) to attempt a derivation of the Green's function of the Laplacian on the d-sphere. The motivation was to understand how the general formula would break down because we knew that no solution should exist: the massless scalar charge density J ≡ ϕ on a sphere should integrate to zero. (While the massless field generated by a single point source does not exist, the field generated by a pair of charges -one positive and the other negativedoes exist, and we used the general formula to guide us to the answer.) In this section, we shall show that the massless limit is a discontinuous one, because it is equivalent to setting the radius R of the d-sphere to zero, 8 i.e., it is the limit R m −1 . Since topology no longer imposes any restriction on the integral of J ≡ (− + m 2 )ϕ on the d-sphere, we will in fact use the general formula eq. (11) to derive the Green's function of the Helmholtz operator − + m 2 .
The Euclidean metric in (d + 1) dimensions written in spherical coordinates is
(We have multiplied both sides by a negative sign to account for the − sign in front of the Laplacian, for ease of identification with the formalism we laid out in section (II).) The situation of having a d-sphere of radius R is analogous to that of the d-dimensional de Sitter case, except we replace ρ → r and identify inverse Hubble to be the radius of the d-sphere, 1/H → R.
Let θ be the d angular coordinates denoting the position of the observer on the d sphere and let θ be the position of the source of her Green's function. We will denote as n and n the unit radial vectors associated with, respectively, the observer and source in the ambient Euclidean space.
First, we need to solve the eigenvector equation
The two independent charge densities are described by the solutions
and the corresponding line source in the (d + 1) dimensional Euclidean space is, for fixed θ ,
From equations (11), (25) and (26), the integral representations for the Green's function of the Helmholtz operator is
For technical convenience, we will now set R = 1. Converting the derivative with respect toR to one with respect to n · n ,
Recalling the discussion in section (II), we expect the I ν ± [m] to cancel out in the final result. We may attempt to verify this in the same manner as we did for the de Sitter case, i.e., replacing ν ± → ν, regarding ν to be independent of d, m, R, and followed by applying (see eq. (53)), for odd d,
Using the large and small argument limits of the modified Bessel functions, which can be found in 8.445
and 8.451 of [15] -and if we further assume that m > 0 and Re[ν] > 0,
Since, for d ≥ 3, there is always at least one ∂/∂( n · n ) acting on this expression, the final answer 
Notice, for d = 2, we are unable to show that the integral of interest is annihilated by D We have just witnessed that these intermediate steps for the d-sphere calculation are significantly more subtle than the corresponding ones in de Sitter. In section (IV), the integrals converged without the need to make additional assumptions about m or ν. We were also able to successfully argue in some detail that the I ν [m] did in fact cancel out of the final result. Here, we will resort to the more pragmatic route: we will assume that our general analysis in section (II) is correct, and assume that I ν [m] does cancel for the d-sphere calculation at hand. At the end of the calculation, we will validate the final result by exercising various checks.
Like the de Sitter case, therefore, we may now justify taking the m → 0 limit while holding ν fixed; after which, if we then carry out the multiple derivatives with respect to n · n , we will be brought to
This integral converges for all real non-zero m. It diverges if m = 0 [10] ; and also diverges if m is purely 
without any restriction on d or mR. 10 By re-expressing the associated Legendre function in terms of the hypergeometric function 2 F 1 (see 8.704 of [15] ), followed by transforming 2 F 1 appropriately to study its n · n → ±1 ∓ limits, one may show that the Green's function in eq. (87) is singular when and only when the observer lies on top of the source, i.e., when n · n → 1 − . Also note that
is in fact invariant under the replacement ν → −ν because P 
However, one would then have to argue that the term containing
[− n · n ] necessarily blows up at the antipodal point n · n = −1 and thereby violates the boundary condition that there should be one and only one point source on the d-sphere. Within the embedding method, on the other hand, the boundary condition is built in from the outset: that there is exactly one source on the d-sphere is because, from the perspective of the ambient Euclidean space experimentalist, the line source in eq.
(79) pierces the d-sphere at only one point.
Like de Sitter spacetime, the geometry of the d-sphere is conformally flat. Specifically, redefining the dth angular coordinate via
10 For the reader's convenience, we record that − + m 2 acting on a bi-scalar that depends on θ and θ only through the dot product n · n is
would bring the metric on the sphere to the form
We may thus perform another check on our Green's function result in eq. (87), by recovering the d-dimensional Euclidean Green's function of the Laplacian when we set
Let us exploit the spherical symmetry of the problem and place the source at the north pole, so that χ = 0 and n · n = cos θ. Upon glancing at eq. (47) of [10] , we expect to obtain, when ν = 1/2,
This is confirmed once we register the identity 
The reason is that, since the conformal limit in two dimensions coincides with the massless limit, topology informs us there is no solution describing the field of a single point charge on a 2-sphere, so neither eq. (92) nor eq. (93) are legitimate answers.
VI. CONCLUSIONS
We have succeeded, in this paper, to extend the formalism in [10] to compute the Green's function of the operator + m 2 , for m = 0, by using the flat space(time) Green's function in which the curved space(time) is embedded. The specific type of embedding where our general formula in eq. (11) is applicable can be found in eq. (7) . The result when is with respect to the d-dimensional de Sitter metric can be found in equations (61) through (63). For with respect to the (negative of) the metric on the d-sphere, the result is eq. (87). For de Sitter spacetime the embedding method has, once again, not only allowed us to directly extract (and separate) the null cone versus tail pieces of the massive scalar Green's function in arbitrary dimensions d ≥ 2, it has also taught us that we may identify separate sources for them. (See Fig. (1) .) Moreover, we have clarified that there are two distinct scalar charge densities, associated with the two independent solutions of the eigenvector equation (12) , that can act as the ambient Minkowski source for the de Sitter Green's function. On the other hand, the integrals encountered in the d-sphere case were significantly more nuanced than for its de Sitter counterpart; nonetheless, we have argued that, even though the intermediate steps involved assuming mR and d to lie in some restricted range, these assumptions may be dropped once the final result was obtained. 11 We end by highlighting that our investigations have uncovered -see equations (59), (60) and (86) -that the Minkowski/Euclidean experimentalists could also use massless scalar fields to achieve the same goal of sourcing the massive scalar Green's function on the curved sub-manifold of the observer's world. This suggests the possibility that, even within the class of embeddings we are considering here, there could be alternate formalisms that are available for understanding curved space(time) Green's functions. This in turn gives us hope that, perhaps, a more general formalism may be found that could then be extended and applied to cosmological and black hole spacetimes.
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